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Abstract. We deduce an effective version of Schmidt’s subspace theo¬ 
rem on a smooth projective variety X over function fields of characteris¬ 
tic zero for hypersurfaces located in V—subgeneral position with respect 
to A. 


1. Introduction 

Schmidt’s subspace theorem is one of the most important results in the de¬ 
velopments of Diophantine approximation. In the number held case, there is 
still no effective version of this theorem. On the other hand, with techniques 
from Nevanlinna theory it has become possible to obtain effective version of 
several important results in Diophantine approximation over algebraic func¬ 
tion helds. In [1], An and Wang obtained an effective Schmidt’s subspace 
theorem for non-linear forms over function helds. In [T3] , Ru and Wang ex¬ 
tended such ehective results to divisors of a projective variety X C over 
function helds of characteristic 0 coming from hypersurfaces in P^. Our 
purpose is to generalize the above results to the case in which hypersurfaces 
are located in iV— subgeneral position with respect to X. 

Recently, Chen, Ru, Yan (see m) and Levin (see [9], Theorem 5.1) estab¬ 
lished Schmidt’s subspace theorem for hypersurfaces located in N-subgeneral 
position over number helds and showed the analogous result for the case of 
holomorphic curves. This paper is inspired by these works. 

The method given in this paper, when applied to the number held case, 
actually simplihes the proof in [6] for the case of smooth projective varieties. 
However, in the case of function helds we need to make explicit all the 
constants involved in order to obtain an ehective version. For this, we need 
to make the constructions in [6] more explicit and we also need the ehective 
version of the classical Schmidt’s subspace theorem for linear forms as in 
Cl. an ehective upper bound and lower bound for Hilbert functions and an 
ehective version of Hilbert’s Nullstellensatz. In section 2, we will describe a 

2010 Mathematics Subject Glassification: 11J97, 11J61. 

Key words and phrases: Schmidt’s subspace theorem, Function fields, Diophantine 
approximation. 


1 



2 


GIANG LE 


canonical way to find polynomials from the Chow form of X and generate 
an ideal whose radical is Ix. We will give some effective results in Section 
3 and the main result will be deduced in Section 4. 

To state our results, we will recall some dehnitions and basic facts from 
algebraic geometry. 

Let k be an algebraically closed held of characteristic 0 and let V be 
a nonsingular projective variety. We will £x an embedding of V into a 
projective space P^o. Denote hj K = k{V) the function held of V. Let Mk 
denote the set of prime divisors of V (irreducible subvarieties of codimension 
one). Let p be a prime divisor. As V is nonsingular, the local ring Op at 
p is a discrete valuation ring. For each x G K*, its order ordpX at p is well 
defined. We can associate to x its divisors 

(^) = ^ ordp(a;)p = (a;)o - (a;)oo, 

PGMk 

where (a;)o is the zero divisor of x and (a;)oo is the polar divisor of x respec¬ 
tively. Let deg p denote the projective degree of p in P^o. Then the sum 
formula 

deg(a;) = ordp(a;) deg p = 0 

PGMk 

holds for all x E K*. 

Let X = [xo ■. xi ■. ■ ■ ■ ■. xm] E P^(iL) and define 

eJx) := min |ord„(a;j)|. 
o<i<M 

The (logarithmic) height of x is defined by the following formula: 

= ~ ^p(^)d6gP- 

PGMk 

For X E K*, the logarithmic height of x is defined by: 

h{x) = — min{0, ordp(a;)}degp. 

PGMk 

By the sum formula, it is easy to see that for x E K*, 
h{x) = max{0, ordp(a;)}degp. 

PGMk 

Note that, the dehnition of ep(a;) depends on the choice of the coordinates 
of X. Apart from this, the height function is well-defined on P^(iF). 

Let Q be a homogeneous polynomial of degree d in K[Xq, ■ ■ ■ ,Xm], say 
Q{X) = ■ ■' ^'m where the sum is taken over all index sets / = 

M 

{fo, • • •, such that ij > 0 and ^ ij = d. For p G Mk, we set 

i=o 

ep{Q) := min7{ordp(a/)}. 
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We define the height of a homogeneous polynomial Q of degree d in 
K[Xq, ..., Xm] as 

h{Q) = -ep(g) degp. 

P&Mk 

From the sum formula, we have h{aQ) = h{Q) if a G K*. This also shows 
that h{Q) > 0 since we may assume that one of the nonzero coefficient of 
Q is 1. 

The Weil function Ap^g is dehned by 

\p,q{x) := (ordp(g(a;)) - dep{x) - ep{Q)) degp > 0 
for a; G ¥^{K)\{Q = 0}. 

Let Qi, Q 2 ,..., Qm be homogeneous polynomials of degree d in K[Xo, ..., Xm]- 
Recall that, we have 

ep(gi H-h Qm) > min{ep(gi),..., ep(g„)} 

('pi^Ql ■ ■ ■ Qm) Cp(gi) T ■ ■ ■ T 6p(gm)' 

We dehne 


^pi,Qij ■ ■ ■ t Qq) ^aiin^Cp(g^ ),..., 6p(gm)} 
h{Qii ■ ■ ■ iQm) — ^ ^ Cp(gi,... -iQq) degp. 

PGMk 

Let X be a n-dimensional projective subvariety of dehned over K. 
The height of X is dehned by 

h{X) := h{Fx), 

where Fx is the Chow form of X. 

Let TV be a positive integer, N > n. Homogeneous polynomials Qi, ■ ■ ■ ,Qq 
G K[Xq, ..., Xm], q > n + 1, are said to be in N-subgeneral position with 
respect to X if = 0}) nX{K) = 0 for any distinct ii,..., iv+i ^ 

{1, ..., g}, where K is the algebraic closure of K. When N = n, they are 
said to be in general position with respect to X. 

In this paper, we will prove the following ehective version of the general¬ 
ized Schmidt’s subspace theorem over K. 

Theorem 1.1. Let K be the function field of a nonsingular projective va¬ 
riety V defined over an algebraically closed field of characteristic 0. Let 
X be a smooth n-dimensional projective subvariety of defined over K 
with projective degree A. Let Qi, 1 <i < q, be homogeneous polynomials of 
degree di in K[Xq, ... ,Xm] in N-subgeneral position with respect to X and 
let S be a finite set of prime divisors of V. Then for any given e > 0, there 
exists an effectively computable finite union of proper algebraic subsets 
ofF^{K) not containing X and effectively computable constants Ce,c' such 
that for any x G X\ife either 


h{x) < Ce, 
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or 

Q 

< {N{n + 1)+ e)h{x)+ c'^. 

i=i pes 

The algebraic subsets in and the constants c^, c' depend on e, M, N, 
q, K, S, X and the Qi. 

Remark 1.2. The constants c^,c[ will be given in fl4.16|) and (14.181) . They 
depend on e, the degree of the canonical divisor class of the projective 
degree ofV, the degree of S (i.e the projective degree of X, the 

dimension of X, the height of X and the Qi, q and N,M 

2. Canonical polynomials from Chow forms. 

2.1. Let X be a n-dimensional irreducible projective subvariety of 
defined over K of degree A. To X, we can associate, up to a constant 
scalar, a unique polynomial 

Fx{Uq, . . . , Un) = Fx{Uoo, . . . , Uqm] ■ ■ ■ ] UnO, ■ ■ ■ , Unkl) 

in (n+1) blocks of variables Ut = {uio ,..., UiM),i = 0,..., n, which is called 
the Chow form of X, with the following properties: 

Fx is irreducible, 

Fx is homogeneous in each block Ui,i = 0,... ,n, 

Fx{uo ,..., Un) = 0 if and only if X n Ftuo fl ... fl Hu^ contains a X - 
rational point, where = 0, ...,n are hyperplanes given by Ui.x = 

UioXQ + • • • + UiMXM = 0. It is well-known that the degree of Fx in each 
block Mj is A. 

2.2. Let Ix be the homogeneous prime ideal dehning X. There is a canonical 
way to hnd polynomials from the Chow form Fx of X which determine X 
set theoretically. 

We now recall this construction from [3] and [H] . For every 0 < j < A; < 
M, let Ajk = {aa/s) be the (M-l-1) x (M-l-1) matrix with zero entries except 
that ajk = 1 and akj = —1. Since a generic skew symmetric (M-l-1) x (M-l-1) 
matrix S has the form 

S = ^ ^ SjkAjk 

j<k 

for indeterminants Sjk, the coefficients u = {uq, ..., um) of a generic hyper¬ 
plane passing through x are given by 

(2.1) u = Sx 

Let Fx be the Chow form of X. We note that the coefficients of Fx are in 
K since X is dehned over K. Let S'*-* > = (42) , (0 < i < u) be generic skew 
symmetric (M -|- 1) x (M -|- 1) matrices. Let AA. be the set of all monomials 
in the n-|-1 blocks of variables = (s*^ : 0 < j < A: < M-|-1), (0 < i < u). 
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which are homogeneous of degree A in each block. Then by fl2.ip . we may 
write 

( 2 . 2 ) FxiS^^^x, ..., 

ctGM 

Since ..., X are generic hyperplanes through x, Fx ..., x) 

0 if and only if a; G X. On the other hand, from fl2.2p we have that 
Fx{S^^'>x,..., S^'^'>x) = 0 if and only if Pa-{x) = 0 for all a G M. We 
conclude that Ix is the radical of the ideal generated by , {a E Ai) . We 
also recall the following result of Catanese |1] 

Theorem 2.1. If X is a smooth projective variety in then the poly¬ 
nomials Pa, (u G Ai) cut out X scheme-theoretically. In other words, if 
Pa^i denotes the dehomogenization of Pa in the affine piece X, 7 ^ 0 for 
i = 0, ... ,n the ideal generated by Pa^i, (cr G A4) equals to the ideal IxnUa 
where Ui = {Ui 7 ^ 0 }. 


Finally, we list some information on Pa- First, it is clear from the con¬ 
struction that the degree of Pa is (n -|- 1) A. By fl2.2l) . the coefficients of Pa 
are Z—linear combinations of coefficients of the Chow form Fx, hence 

(2.3) efPa)>efFx) 


On can also verify that the number of generating polynomials Pa is at 
most 


(2.4) 


(11 + i)A + 

(n -I- 1)A 


n+l 


3. Some effective results 


Let X be a projective variety of defined over K. Let Ix be the prime 
ideal of X[Xo,..., Xm] consisting of all homogeneous polynomials vanishing 
identically on X and Hx be the Hilbert function of X. 

We have a lower bound and a upper bound for the Hilbert function, due 
to Chardin [5], Nesterenko (see IIZI) or Sombra (see [16], Theorem 4). No¬ 
tice that, Chardin, Nesterenko, Sombra state their results in more general 
settings but we only recall their results in a special case of a function field 
over algebraically closed field of characteristic 0 and of an ideal of a variety. 

Lemma 3.1 (Chardin |5]). Let X be a projective subvariety o/P^ defined 
over K of dimension n and degree A. Then, for m > 1, 


Lemma 3.2 (Nesterenko [12], Sombra ]T6], Theorem 4). Let X be a projec¬ 
tive subvariety o/P^ defined over K of dimension n and degree A. Then 


Hx{m) > 


frn n + 1\ 

V n + l J 


m — A + n + 1 
n + l 


for m > 1. 
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We will derive the following result from Lemma 13.11 and Lemma 13.21 


Proposition 3.3. Let X be a projective subvariety of defined over K 
of dimension n and degree A. Let d E N* be a given constant. Then, for 
any given e > 0, there exists an effectively computable constant depending 
only on e, n, A, d such that: 


m{Hx{rn) + 1) 

ETJX Hx(id) 


< din + 1 + e), 


for a// m G M, m > d\m. 


To prove the above proposition, we need a simple lemma from elementary 
mathematics. 


Lemma 3.4. Let k,l G N*, denote by 

Sk{l) :=l’^ + 2’^ + --- + l\ 


Then 


{I + 

k + 1 


> Sk{l) > 


{I + 1 )^+^ 
k + 1 


{l + l)'^ 
2 


Proof. For fc = 1, it is obvious. Thus, we can assume that k > 1. We use 
Newton’s polynomial to prove the left hand-side inequality. We have: 

(m -I- = {k + l)m^ ~2 - {k + l)m + 1. 

Hence, 

i 

((m 1 )*’+^ - 

m=l 

= ^{k + l)m^ ^ - {k + l)m + . 

Therefore, we have 

(3.1) 

(/ -l-— 1 = (/c -|- l)Sk{l) ^ 2 ^ Sk-i{l) -l- ■ ■ • -l- (/c -l- l)5i(/) -|- Z, 

which implies the left hand-side inequality. 

We replace Zc -|- 1 by fc in fl3.1l) 

(3.2) (/ + i)fc - 1 = kSk_,il) + Q) Sk-2il) + --- + kS,{l) + 1. 

It is easy to see that for k > h > 2, we have 

Lk + l\ ^k + lL k \ 

V h ) - 2 U-V’ 
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Combining with fl3.2p . we have 
(3.3) 

2 ) >S'a;_i(/) + ■ ■ • + (fc + l)S'i(Z) + I 

< —^— ^kSk-i{l) + Sk-2{^) + ■ ■ ■ + kSi{l) + = —-—((/ + 1 )^ — 1 ). 

From fl3.ip and fl3.3p . we have 

(Z + — 1 < (Zc + l)*S'fc(Z) H- - —((Z + 1)^ — 1), 

which implies the right hand-side inequality. □ 

We now prove Proposition 13.31 


Proof. Let n, A E W be given constants, for each 2 ; G N, 2 ; > 1, we denote 
by 


G(;.) ; = 


2 :-|-n-|-l\ /z — A + n + 1 
n + 1 ) \ n-|-l 

Then, Giz) is a polynomial with leading coefficient —, 

n\ 

Az^ 

G{z) = —j—h Ciz"' ^ • -1- c„, 

nl 

where Ci,l < i < n are constants depending on A, n. 

For each t eN*, denote by 


t 

m :=Y^G{id). 

i=l 


Then we have 


Ad"- 

T{t) = - —Sn{t) -|- CidP ^Sn-l{t) • -1- C„_iCZS'i(Z) -|- tc„ 

nl 

Applying Lemma [3.41 we have 

Ad" /(Z + l)"+i (Z + l)"\ d"-i|ci| 


T(()> 


n\ 


n -|- 1 


n 


(* + i)’ 


-AA(i + i)2_|e„|t 


Ad" , /Ad" d"-bci| 


(n 1)! 

d"- 2 |c 2 


(Z + 1 )"+' - 


+ 


n — 1 


(Z 1) 


n—1 


2n\ n 

^\^n— 


(t + iy 


A(z + i) 2 _|c„|z. 
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Let m G N*, d\m. Then, we have 


(3.4) 


m 


dT[ — -l]> 


A 


^*4+1 _ I -^ 


/ Ac? I Cl I 


d ) (n + 1 )! 


m 


\Cn—l\ 2 


\ 2 n! n 

— \cn\{m — d). 


Now, we estimate Ci,l < i < n. Set 

/(z) = (z + n + 1)... (z + 1) = + (iiZ^ + ... + a^z + (in+i- 

Thus, we have 

1 / IN (n + l)(n + 2) 

ai = 1 + ... + (n + 1) = ^ 

1 + cii + ... + cin+i — (n + 2)! 

Since a* > 0,1 < i < n + 1, then we have a* < (n + 2)!. Since G{z) 

/(.)-/G-A) 

(n+l)! ’ 


Ck 


(n + l)!(n — fc)! 


-,l < k < n. 


Therefore, 


Cl = 


Cfc 


{n + 1 )! 
1 


)i-" 


A(n + 2 -A) 
2 (n- 1 )! 


^n + 1 


(n + l)! \\n — k 


: (_A)‘«+ 


l<2<fc 


n + 1 — z 
n — k 




(-A) 


{2 <k <n) 


Therefore, for all 2 < fc < n, we have 


|cfc| < 7 - :-Ak + 1 )A*'’''^ ■ maxoi • max [ *, ) < (n + 1 )^( 2 A)”'’'“^ 


(n + 1)1 

Combining with fl3.8p . we have 




(3.5) 


> 


/m \ A Ac?+A|n + 2 -A| „ 

c?T — - 1 > --m +-—;- -m 

\ d J (n + l)! 2 n! 

-(n + + ... + + m - d) 

A Ac?+A|n + 2 -A|^ 


-m 


im”-(n + l)3(2A)’^+^m^-i 


(n + l)! 2 n! 

It follows from Lemma [3.21 that 

mld—1 rajd—X 

(3.6) A Hx{id) > ^ G{id) = T{m/d - 1). 


i=l 


2=1 


Lemma 13.11 implies that 
(3.7) Hx{m) < A 


m + n\ „ (m + nV 
< A- - 


n 


n! 
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Choose a constant c > 0 snch that the right hand-side of fl3.5p takes 
positive value for all m > c. Then, from fl3.7p . fl3.6p . fl3.5p . for such m we 
have 


m{Hx{Tn) + 1 ) 

m/d—1 

d Hx{id) 

i=l 


A.m(m+n)" 

n! 


_ Ad+A|n+2—A| ^ 

(n+iy.'"' 2n\ 




From the above inequality, it is easy to see that for each given e > 0, there 
exists Of satisfying Proposition 13.31 □ 


We recall a simple lemma by Masser and Wustholz from [n] on the solu¬ 
tions of a system of linear equations over K which is modihed by Ru and 
Wang ([H], Lemma 11). 

For positive integers p, g and reals z/p for all p G Mk, we consider the 
system 

(3.8) ttjiXi - 1 - • • • 4- ttjpXp = 0,1 < j < q 

where a^- G K not all zero {1 < i < p,l < j < q) and ordp(ajj) > for 
each p G Mk- 

Lemma 3.5. For an integer t with 1 < t < p suppose that the system 
fl3.8p has a solution with Xi,...,Xp G K such that Xt 7 ^ 0. Then, there 
exists a positive integer I < p — 1 such that the system fl3.8p has a solution 
x\,... ,Xp G K with Xt ^ 0 and ordp(a;i) > lup for each 1 < i < p and each 
P e Mk- 

We also recall the following theorem due to Hermann [7j , Seidenberg [T5] , 
and Renschuch [T3]. We refer to Aschenbrenner [2] for more discussion. 

Theorem 3.6. Let Pi,... ,Pi G K[Xi, ..., Xm] be polynomials of total de¬ 
gree at most d. If Q is in the ideal generated by Pi,... ,Pi, then 

Q = AiPi AiPi 

for certain Ai,..., Ai G K[Xi ,..., Xm] whose degrees are bounded by {2dy^. 

Now, we recall the following version of an effective Hilbert’s Nullstellensatz 
(See [S],[in], also [H], Theorem 12). 

Theorem 3.7. Let Pq, ... ,Pi be homogeneous polynomials in K[Xo,..., Xm] 
of total degree at most d such that Pq vanishes at all common zeros (if any) 
of Pi,... ,Pi in . Then there exist a positive integer u < (4(i)^+^ and 
homogeneous polynomials Ai,... ,Ai in K[Xo,..., Xm] of total degree at 
most (dd)^"*"^, such that 

aP^ = AiPi + --- + AiPi 

for some non-zero element a of K. Furthermore, there exists a positive in¬ 
teger 

k < /(4(4d)^+2)^ 
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such that 


min{ordp(a), ep{Ai),.. 


epiAi)} >/o- min{ep(Pi)} 
0 < 2 </ 


for each p G Mk- 


Let X be a smooth n-dimensional irreducible projective subvariety of 
defined over K of degree A. Let Ix be the prime ideal of K[Xo,. .. ,Xm] 
defining X. For each integer m, let K[Xq, ..., XM]m denote the vector space 
of homogeneous polynomials of degree m in K[Xo,... ,Xm] (including 0). 
Denote by {Ix)m = ■ ■ ■ 5 Fl Ix- Let Pi,..., ■ ■ ■; ^m] 

be the canonical polynomials from the Chow form Fx of X dehned in fl2.2p . 
By using the same method as in Ru-Wang [T3], Lemma 14, we will prove 
a slight generalization of this result. The proofs are almost the same. We 
only modify some constants apprearing in the proofs. 


Lemma 3.8. Let X C P^ be a smooth projective variety defined over K 
with dimension n > 1 and degree A and m > max{3, (n + 1 )A}. Let 
(fi,..., be a fixed monomial basis of K[Xq, ..., XM\ml{.Ix)m- Le.t 

Q be a homogeneous polynomial of degree m satisfying ep{Q) < 0 for all 
p G Mk- Then, there exist ciq 7 ^ 0 and cij, (1 < j < Hx{m)) in K such that 

Hx{m) 

aoQ = ctjfij '^od Ix- 

i=i 


Furthermore, we have 


ordp(aj) > h{m,n,M){ep{Fx) + ep(Q)), (0 < j < Hxijn)) 

and 

ordp(aj)degp < —b{m,n,M) E (eq(Px) + efiQ)) degq tfaj ^ 0 

qeMxVtp} 

where 

b{m, n, M) = + (5(n + 1) A) ^ ^ ' 2 ^ 1+M2^^ 


Proof. As h{Fx) = h{aFx) for a G K*, we may assume that one of co¬ 
efficients of Fx is 1. Without loss of generality, we also assume that X 
is not contained in the coordinate hyperplane {Xq = 0} of P^. Since 
01 ,..., (j)Hx{m) is a hxed monomial basis of X[Xo,..., X^jm/ {Ix)m, there 
exist 7 i G X, (1 < i < Hx{m)) such that 

Hx{m) 

Q- e Ix- 

i=i 

Put G = Q — Ij^j- Let pi, ... ,Pr and g be the dehomogenisation 

of Pi ,... ,Pr and G, respectively, along Xq 7 ^ 0. Then, by theorem 12.11 and 
13.71 there exist gi,..., g^ G X[Xi,..., Xm] with degree bounded by 

( 2 (n + l)A) 2 " 
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(here we note that the degree of Pi is at most (n + 1 ) A ) such that 


9 = 9iPi H- 9rPv 

We then homogenize the above equation to obtain 


X^G = GiPi + ---GrPr, 

where u < (2 (?t, + 1 ) A)^^. Since G and Pi,..., P^ are homogeneous, we may 
further assume that Gi,...,Gr are homogeneous. We take ao = l,aj = 
7i(l < j < Hx{Tn)) and obtain 


Hx{m) 

(3.9) W“(«oQ - = GiPi + ■ ■ ■ aPr- e Jx, 

J =1 


Comparing the monomials in Xq, ... ,Xm in fl3.9p . we obtain a system of 
linear equations in the coefficients of Gi{Xo ,..., Xm )(1 <i<r) and aj{0 < 
j < Hx{m)). Note that Gj(Xo,... ,Xm) is a homogeneous polynomial in 
M + 1 variables and of total degree no bigger than ( 2 (n + 1 )A)^*^, so the 

number of the coefficients of Gj is at most Therefore, the 

total number of unknowns of this linear system is 


(3.10) 


/(2(n + l)A)2^ + 
P<r-[ 


M\ 


Applying Lemma 13.51 to this linear system with oq 7 ^ 0, we may select 
new coefficients of Gj(A'o, ... ,Xm), (1 < * < t) and aj such that ao 7 ^ 0 . 
Furthermore, there exists a positive integer I < p — 1 such that 


(3.11) ordp(aj) > I ■ min{ep(Px), ep(Q)} > / ■ (ep(Px) + ep(Q)), 

p G Mk, 0 <j< Hx{m). 


(Note that ep{Q) < 0.) 

If aj 7 ^ 0, by sum formula, we have 

ordp(aj)degp = - ^ ordq(Q;j) deg q <-/ ^ (eq(Px)+eq(Q)) deg q 

qSMxVtp} c\€Mk\{p} 


Moreover, since Ix is a prime ideal and X is not contained in the coordinate 
hyperplane {Xq = 0}, fl3.9p implies that aoQ — ^j4>j ^ ^x, where 

a's are the new coefficients satisfying fl3.1ip . 

Now, we estimate p introduced in 03.101) . We have 


Hxi'm) < A 


m + n\ ^ (m + n) • • • (m + 1 ) 
n J n\ 

\n+l 


< m{m + nY < {2mY^ (notice that m > (n + 1 ) A) 


In a similar way, we have 
/(2(n+l)A)2"" + M\ 

V M ) 


< (2(2(n + 1)A)2")^ < (4(n + 1)A)^""^ 
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The number r introduced in fl2.4p can be bounded by 

(3.12) r<(^^ (n+T)A ) + ^- 

Here, we use the following inequality 


A + B\ ^ {A + B)^+^ _ A I ^ 
B )- A^BB V 


1 + 


A 


< e 1 + 


A 

B 


B 


= e 


B 


1 1 
A^B 


B 


■A 


B 


B 


where H, B are positive integers and e is the natural exponential number. 
Hence, 

l<p-l< (4m)"+i + (5(n + 1)A) 


□ 


We recall a Lemma from (la. Lemma 15) 

Lemma 3.9. Let the notation he as in Lemma \3. A We define 

= [Mx) ■■ ■ ■ ■ ■■ fHx{m){x)]. 

Then for each p G and every x = {xq, ..., xm) G X{K), we have 
mep{x) degp < ep(<h(x)) degp < mep{x) degp + b{m, n, M)h{Fx), 

and 

mh{x) — {M + 2)b{m, n, M)h{Fx) < h{^{x)) < mh{x). 

By using the same method as in Ru-Wang [TT], Lemma 16, we will prove 
a slight generalization of this result from general position to sub-general 
position. The proofs are almost the same. We only modify some constants 
apprearing in the proofs. 

Lemma 3.10. Let the notation be as in Lemma iS.Si . Let Qi ,..., Qg, {q > 
M + 1) be homogeneous polynomials in K[Xq, ... ,Xm] of degree d, in N- 
subgeneral position with respect to X. For given p G M^, and x G X\ 

{Qi = 0}, we assume that 

ordp(Qi(x)) > • • • > ordp(Qg(a;)). 

Then 

ordp {Qi(x)) degp - d ■ ep(x) degp 

< (6 max{(iV + 1) A, d}f+WM^+M) ^ ^ _ 

for p G Mk and N + 1 < i < q. 

Proof. As h{Fx) = h{aFx) for a G K*, we may assume that one of coeffi¬ 
cients of Fx is 1. Similarly, since h{Qi, ..., Qg) = h{aQi, ..., aQg), we can 
make the same assumption for Qi. Consequently, we have 

ep{Fx) < 0, min ep{Qi) < 0, 
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for each p G Mk- Let 

d! = max{deg Pi,, deg P^, d}. 


Since Qi,...,Qg are in iV—subgeneral position with respect to X C 
then Pi,..., Pr, Qi,..., Qn+i have no zeros in ¥^{K). Theorem 
13.71 tell us that there exists a constant u < and polynomials 

Aji ,..., Ajr, ^yr+ 1 , ■ ■ ■, Aj^r+N +1 G K[Xo ,..., Xm] of total degree at most 
such that for 0 < j < M, we have 

ajXJ = AjiPi + ■ ■ • + AjrPr + Aj^r+lQl + ' ' ' + Aj^r+N+lQN+1 

for some non-zero elements aj of K. Furthermore, there exists a positive 
integer 

(3.13) /o < (r+ X +l)(4(4d')^+2)M 

such that 


(3.14) min{ordp(ao), • • •, ordp(aM), ep(Aji),..., ep(Aj-r+w+i)} 


> /omin{ep(Pi),ep(Qi)} > /q • ep(Px) + min ep{Qi) 
for each p G Mk- 

We may assume that (1 < i < r-|-X-|-l) are homogeneous polynomials 
and therefore the degrees of Aj^r+i, ■ ■ ■, ^yr+v+i are u — d. 

Let a: G X{K)\ {Qi = 0}. Then 

ttjXj = Aj^r+l{x)Qi{x) H-h Aj^r+N+l{x)QN+l{x), 

and hence, for all j, we have 

ordp(aj) M.ordp(xj) = ordp(Aj,,,+i(a;)Qi(a:) H-h Aj^r+N+i{x)QN+i{x)) 

- p<™^+pO’^dp(7lj,^+i(a:)Qi(a;)) 


> {u- d)ep{x) ordp(QAr+i(a:)) + lo- ( ep(Px) + min ep{Qi) 

(Here, the last inequality follows from fl3.14p L Hence 

(3.15) 

ordp(())Ar+i(a:)) < de^ix) + max {ordp(a,)} - /q ■ ( ep(iiY) + min ep(Qi) 


0<j<M 


l<i<q 


for p G Mk- Since aj 7 ^ 0, (0 < j < M), from the sum formula and 03.141) 
we have 

ordp(aj)degp = - ^ ordq(Q;j) degq 

^&MK\{A 

- -^ 0 - (eq(Px)+ mn eq(Qi) j degq. 

c\€Mk\{p} ^ ^ 
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Combining with fl3.15p . we have 

ordp(QAr+i) degp < -^o ■ (+ min e^{Qi) ) degq 

• ^ \ 1 <r<n / 


qeMx\{p} 


y 

+d ■ ep{x) degp - /o ■ ( ep{Fx) + min ep{Qi) ) degp 

\ 1<*<4 / 

= d ■ ep(x) degp + Iq {h{Fx) + h{Qi, Qg)) 
Now, we estimate Iq introduced in (13.131) . By (I3.12p . we have 
Iq < (6 max{(N + 1) A, 


□ 


4. Proof of Theorem 11.11 

Now, we recall the following effective version of the classical Schmidt’s 
subspace theorem for function helds in na. 

Theorem A. Let K he the function field of a nonsingular projective va¬ 
riety V defined over an algebraically closed field of characteristic 0. Let 
Hi,..., Hq be hyperplanes in P’^(A) and S be a finite set of prime divisors 
of V. Then there exists an effectively computable finite union TZ of proper 
linear subspaces of P"(A) depending only on the given hyperplanes such 
that the following is true. Given e > 0, there exist effectively computable 
constants q and c' such that for any x G P”(iC)\7^ either 

h{x) < Ce, 

or 

max Xp^Hj (x) < (n + 1 + e)h{x) + c', 

peS j£j 

where the maximum is taken over all subsets J of {1,... ,q} such that the 
linear forms Hj,j G J are linearly independent. 


Remark 4.1. The constants and c' depend on e, the degree of the canon¬ 
ical divisor class of V, the projective degree of V, the degree of S (i.e 
EpGfidegp; and h{Hi,..., Hg). 

We will prove that theorem 1 1.1 1 is an implication of the following theorem. 

Theorem 4.2. Let K be the function field of a nonsingular projective va¬ 
riety V defined over an algebraically closed field of characteristic 0. Let 
X be a smooth n-dimensional projective subvariety of P^ defined over K 
with projective degree A. Let S be a finite set of prime divisors of V. 
Let Qi,l < i < q, be homogeneous polynomials in K[Xq, ..., Xm] in N- 
subgeneral position with respect to X. 

Assume further that, Qi, 1 <i < q have the same degree d and for each i, 
Qi has at least one coefficient equal to 1. Then for any given e > 0, there 
exists an effectively computable finite union R of proper algebraic subsets 
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ofF^{K) not containing X and effectively computable constants c^,c[ such 
that for any x G X\ile either 

h{x) < Ce, 


or 


^Xp,Q,{x) < {N{n + 1) + e)h{x) + cf 

i=i pes 

The constants Ce,c' given in fl4.13p . fl4.16p and the algebraic subsets inile 
depend on e, M, N, q, K, S, V, X and the Qi. 

Proof. We will fix a p G S' first. For each x = [xq, ..., xm] G F^{K)\ 

{Qi = 0}, there exists a renumbering li{p,x),... ,lg{p,x) of the indices 
1,... ,q such that 

ordp(Qzi(p,3;)) > ordp(Qz2(p,a:)) > • • • > ordp(Qi^(p,a;)). 

Since Qi,... ,Qq are in iV—subgeneral position with respect to X, it follows 
from Lemma I3.1UI that 

Q q 

(4.1) ^ Ap,Q,(a;) = ^ (ordp(Qi(a;)) - dep{x) - ep{Qi)) degp 


2=1 


2=1 


N 


< ^ (ordp(Q/,(p,^)(x)) - dep{x)) degp + a(g - N) - ^ep(Qi) deg p, 
2=1 2=1 

< W (ordp(Qipp,a:)(a;)) - dep{x)) degp + a(g - W) - gep(Qi,..., QJ degp, 

where a = (6max{(iV + 1)A, {h{Fx) + h{Qi ,..., Qq)). 

For every positive integer m with d\m, we consider the following filtration 
on the vector space K[Xq, ..., XM]m/{dx)m with respect to Q/pp,^) 


is defined by 


X™, = W 


ih''"’"’ = {g-\g € K\Xa,.... XuU <2;.(p,r)ls}. 


ll{p,x) 




ll{p,x) 


D • ■ ■ D IF 


P(p,a;) 


mid 


where g* is the projection of g to K[Xq^ ...XM\ml{.dx)m- Take a basis 
..., of the vector space K[Xq, ..., Xm]™/ {.Ix)m compatible 

with the hltration by this we mean that, for each i = 1,, m/d, it 

contains a basis of We can choose a basis 

that they can be written as following 


(4.2) 


,h{p,x) _ ^ij(p,x) 

w —^h{p,x)-yp 


where gj G Xm-dij{p,x) is chosen to be a monomial and Qzpp,^) does not 
divide gj. Hence 

ordp(V''^^''’'^^(a;)) = Zj(p, a;)ordp(Qzpp,p(a;)) + ordp (5(^(0;)) 

> ij(p,a;)ordp(Qzpp,p(a;)) + (m - dij{p,x))ep{x) 
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Therefore 


Hx(m) 


' Hx{m) 


(4.3) ^ ^ Zj(p,x) ordp(Qi,(p,^)(a;)) 


i=i 


i=i 


' Hx{m) 


+ j mHx{m) — d 


i=i 


Now, we estimate *i(P)^)- 

It is clear that there are exactly elements ^|J 

with ij = i in the set ..., i’^^xim)' Hence, 


lll{p,x) 


(4.4) 


Hxij^) m/d 

E h{Pi^) = Edim(iy-^^^'^’'^Vl44 

j=l i=l 


/udl(p.a;)'i 
i+1 T 


where := 0 , 

We notice that each element tp of can be represented as tp = 

Qh{p,x)9 with g e K[Xq, .. .,XM\m-id- Furthermore, two polynomials gi,g 2 

such that Q)pp a;)5'i = Qlpp x)9‘^ if and only if gi—g 2 vanishes iden¬ 
tically in X. Hence, we have dim = dim iF[Xo,..., XM]m-id/{Ix)m-id 

Hx{rn — id). Therefore, 


m/d m/d 

rhip,x) _ 

i=l i=l 


(4.5) E ^ = E “ dimW, 


rh(p,x)-, 

' i+1 ) 


m/d m/d 

E * dim WydP’H _ E((* + 1) dim — dim 

i=l i=l 

m/d m/d m/d—1 

E dim = ^Hx{rn-id)= E Hxiid) 


i=l 


2 = 1 


2=1 


Denote by S'(t) := ^ Hxiid). Then, combining (14.bh . (14.4p . (14.3p . we have 


2 = 1 


Hx{m) 

E ordp(E^’'’'^^(a^)) > *S'(m/(i - l)ordp(Q;pp,a;)(a;)) 

t=i 

+ imHxim) — dSim/d — l))ep(a;). 

Hence, 

(4.6) 

Hx{m) 

E (ordp(E^*'’''^(a^)) - mepix)'^ > S{m/d- 1) (ordp(Qzpp,a,)(a;)) - dep(a;)) 

i=i 
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Let 01,, ((>Hxim) be a fixed monomial basis of K[Xo ,..., X^jm/ {.Ix)m- 
Applying Lemma 1X51 for each i, there exists a nonzero element f3i in K and 
linear form Lj G K\Yq, ..., YHx(m)-i\ with 

h{m,n,M){ep{Fx) + degp < ordp(A)degp 

<-b{m,n,M) ^ (eq(Fx) + degq. 

qGMxXtp} 

and 

6(m,n,M)(ep(Fx) + ep(0''^''’"'^))degp < ep(Li)degp 

<-b{m,n,M) ^ (eq(Fx) + eq(0-^^''’^^)) deg q. 

qGM^Vtp} 

such that 

^.^Mp,x) = ^ 4>Hx{m)) mod IxA <i < Hx{m) 

We have 

ep(0'bP.^)) ^ ep(Q*jjjjj) = 0(p, a;)ep(Qipp,^)) > mep(Qi,..., Qg). 

(Notice that since Qi has one coefficient equal to 1, we have ep(Qj) < 0 for 
all p G Mx) 

Therefore, 

(4.7) b{m,n,M){ep{Fx) + mep(Qi,..., Q^)) degp < ordp(0i)degp 

< —b{m, n, M) E (eq(Fx) +meq(Qi,...,Qq))degq. 

qGM^Vtp} 

and 

(4.8) b{m,n,M){ep{Fx) + mep(Qi,..., Q^)) degp < ep(Lj)degp 

< —b{m, n, M) E (eq(Fx) +meq(Qi,...,Qq))degq. 

qGMjf\{p} 

Set 

<h(a;) = [0i(x) : ... : 0rf^(m)(a;)] : X — _ 

Then, 

Li{^{x)) = 

Combining with fl4.7l) . we have 

ordp(Li($(a;))) degp = ordp(/9i) degp + ordp(0f ^'"’'^^(a;)) degp 

> ordp(0f ^'"’"'^(a:)) degp + 6(m,u, M){ep{Fx) + mep(Qi,..., Qg)) degp 
Applying Lemma [3.91 we have 

Ap,Li(<h(a;)) = (ordp(Li(<h(a:)) - ep(<h(a;)) - ep(Li)) degp 

> ordp(0-^^''’'^^(a;)) degp + 6(m,n, M){ep{Fx) + mep(Qi,..., Qg)) degp 

-mep(a;) degp - b{m,n, M)h{Fx) -ep(Lj)degp 
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Combining with fl4.8p . we have 

(4.9) Ap,L,(<h(a;)) > degp 

-mep{x) degp - b{m,n, M){2h{Fx) + mh{Qi, ..., Qg)) 


From fl4.6p and fl4.9p . we have 

Hx{m) 

S{m/d - 1) (ordp(Qz^(p,^)(a;)) - ciep(x)) degp < 

i=i 


where hi = {m + l)Hx{m)h{m, n, M) {h{Fx) + h{Qi, ..., Qg)). 

Since there are only q choices of Qi^(p,x) C {Qi, ■ ■ ■ ,Qq}, we have a hnite 
collection of linear forms Li,, L^. Combining the above equation with 
iH), we have 


(4.10) 

Vo,(2:) < 

pes i=i 


N 

S{m/d-l) 


E E v,(«'(U) + 

pGiS' i^Kip 


Nb2 

S{m/d — 1) 


+ h, 


where 62 = |*S'| 6 i, 63 = a{q - N)\S\ - gripes•••, Qg) degp, and Kp 
is an index set {g, ..., inxim)} C such that Li.^,..., Li^ are 

linearly independent and achieve maximum among all such 

index sets. 

Apply theorem A for the family of linear forms Li,..., and e = 1, then 
there exists a hnite union of effectively computable linear subspaces TZ in 
^Hx(m)-i effectively computable constants ci,Cp such that for all <F(x) 
not contained in TZ, either 


h(<h(x)) < Cl, 


or 

(4.11) 

EE Ap,Li(<h(x)) < {Hxim) + l)h(<F(x)) + c[ < {Hxim) + l)mh{x) + c[. 

peS i€Kp 

In view of remark 10 and fl4.8p . the constants ci, Cp can be bounded by the 
constants depend on e, the degree of the canonical divisor class of V, the pro¬ 
jective degree of Id, the degree of S (i.e X^pes degp) and h{Qi ,..., Qg), h{Fx). 

By the latter case, equations fl4.10|) . fl4.1ip yields 


, , ^ / X Nm(Hx{m) + l)^. . N(b 2 + c\) 

(4,12) EEVq.W< sW/Jl) 

We apply Proposition 13.31 for given e > 0, then there exists effectively 
computable depending on n, d, A such that 


{Hxim) + l)m 
S{m/d-l) 


< d{n + 1 + —), 
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for all m > a^, d\m. We choose m := d{[a^/d\ +1). Then, by the latter case, 
from fl4.12p . we have 

< d{N{n + 1) + e)h{x) + 63 + 

pGS i=l ' ' 

Moreover, we have 

N{h2 + d{) r/Ar I iiA j\\d+i)(M^+M) 

■(/i(Of) + h(Qi,...,Q,)) ■ {g - Ar)|S| - 9 ^e|,( 0 i.....(J,)degp 

pes 

^ N (|S'|(m + l)Hxirn)b{m,n,M) {h{Fx) + h{Qi,.. .,Qq)) + c'J ^ 

S{m/d-l) - 

where 

(4.13) 5 max{(/V + 1)A, d})(”+i)("’+M) 

■(fc(Fx) + h(Qi ,,,,, 0,)). (5 - JV)|S| + .... 0,) 

(|>S'|(m + l)Hx{rri)h{m,n, M) {h{Fx) + h(Qi,... ,Qg)) + 4) 

dS{m/d — 1) 

(Here, we use the fact that Qi has at least one coefficient equal to 1, therefore 

-EpGMKep(Qi,...,Qg)degp < h(Qi,..., Qg). 

Hence, by the latter case, we have 


g 


(4.14) 

+ 1 ) + ^)Kx, 


pGS i=l 

By the hrst 

case, apply Lemma 13.91 then we have 

(4.15) 

HU 

VI 

where 


(4.16) 

Cl + (M + 2)b{m,n, M)h{Fx) 


m 


Finally, we may conclude our proof by the following fact. The morphism 
<F = [(^1 : ... : (j)Hx{m)] '■ X —property that either fl4.15l) 
or (14.1411 hold for x G X with <F(x) 0 TZ. We now consider those x G X{K) 
with <F(x) G TZ. We note that the exceptional linear subspaces TZ in theorem 
A do not depend on e, however in our case they do depend on m. Hence 
we write 7Z as TZm- Let be the collection of algebraic subsets of X which 
are the inverse images of the algebraic subsets in TZm under the morphism 
$. As the components of the morphism $(x) are monomials of degree m 
in Xq, ... ,Xm, the conditions that <F(x) is contained in a finite union of 
effectively computable linear subspaces TZm in is equivalent to that 

X is contained in a set containing finitely many effectively computable 
algebraic subsets of with degree no more than m. □ 
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Proof of theorem 11.11 

Let Qi,l < i < q he homogeneous polynomials of degree di, respectively. 
Let d is the l.c.m of d', 1 < i < q. For each i,l < i < q, we choose one 
coefficient not equal to 0 of Qi and denote it by Oj. 

We apply Theorem 14.21 for 1 < * < O'. Then, for a given e, there 

there exists an effectively computable hnite union of proper algebraic 
subsets of F^{K) not containing X such that for any x G X\ile either 

h{x) < Ce, 

or 

<? 

(^) - + 1) + + c', 

i=i peS ’ 

where Ce,c' are given in (Id.ldh . M.lbh . 

The algebraic subsets in it^ depends on e, M, N, q, K, S, X and the Qi. 
Now, we estimate an upper bound for c'. 

Since ep((^)‘^/'^*) = < 0, for alH = 1,..., g. We have 



— -rHQi) +- 1 " ~r^i.Qq) 

ai Uq 

Therefore, 

(4.17) 


c( < (6max{(iV + + ''' + 

■{q — A)|S'| + q{-^h{Qi) + ... + -^h{Qq)) 

N + l)Hx{m)h{m, n, M) (h{Fx) + fh{Q^) + ... + j-h{Qq)^ + c;) 

dS{m/d — 1) 

We observe that 

(^) = (^jOTdp{Qi{x)/ai) - dep{x) - jep{Qi/ai)^ degp 
Therefore, for any x G X\ife we have either 


h{x) < Ce, 
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where = c^, or 

< (iV(n + 1) + e)/i(a;) + c', 

i=l pe5 

where 

(4.18) 

4 = (6 max{(iV + 1) A, (^h(Fj,) + ^h(Qi) + ... + 

■(g — A)|S'| + q{-^h{Qi) + ... + '^HQq)) 

N (^|S'|(m + l)Hx{m)b{m,n,M) (ji{Fx) + + ... + ^h{Qq)j + 

dS{m/d — 1) 

This completes the proof. 
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